Abstract. We compare several quasi-Frobenius-type properties for corings that appeared recently in literature and provide several new characterizations for each of these properties. By applying the theory of Galois comodules with a firm coinvariant ring, we can characterize a locally quasi-Frobenius (quasi-co-Frobenius) coring as a locally projective generator in its category of comodules.
Introduction
The notion of what is now known as a Frobenius algebra, and more general a quasiFrobenius algebra, appeared first about 100 years ago in the work of G. Frobenius on representation theory. Since the mid nineties of the previous century, there has been a revived interest in the study of Frobenius algebras, as they turned out to be an important tool in different fields, such as Jones theory of subfactors of von Neumann algebras, topological quantum field theory, geometry of manifolds and quantum cohomology, the quantum Yang-Baxter equation and Yetter-Drinfeld modules. A modern approach to Frobenius algebras and their functorial properties can be found in [4] .
Quasi-Frobenius algebras (and rings) became a subject of pure algebraic research since the work of Nakayama in the late 1930's and Ikeda in the early 1950's. Since then, many equivalent characterizations of quasi-Frobenius algebras have been given. Perhaps one of the most striking properties of quasi-Frobenius algebras is the duality between their categories of left and right modules, induced by the Hom-functor. In more recent years, quasi-Frobenius algebras also appear as a tool for constructing linear codes [15] . A recent study of quasi-Frobenius algebras has been performed in [16] .
Analogously, a theory of co-Frobenius [13] and quasi-co-Frobenius coalgebras [8] has been developed. In this setting, the considered categories of comodules posses exactly the dual properties of the categories modules over Frobenius and quasi-Frobenius algebras. Where (quasi-)Frobenius algebras are always finite dimensional, (quasi-)coFrobenius coalgebras can be infinite dimensional, however, if a (quasi-)co-Frobenius coalgebra is finite dimensional, then it is the dual coalgebra of a (quasi-)Frobenius algebra. Therefore, the theory of (quasi-)co-Frobenius coalgebras can be understood as the extension of the theory of (quasi-)Frobenius algebras to the infinite dimensional case. In the theory of Hopf-algebras, the co-Frobenius property is closely related to the existence of integrals.
Corings [17] are defined as comonoids in the category of bimodules over a (possibly non-commutative) ring. This at first sight tiny difference with respect to the definition of usual coalgebras, which are comonoids in the category of one-sided modules over a commutative ring, has in fact far-reaching consequences. The application field of the theory of corings, that has seen a rapid development during the last decade, has shown to cover many interesting and maybe unexpected parts of mathematics. In particular, corings and comodules can be used to study ring extensions, bimodules, coalgebras and Hopf algebras, together with their relevant categories of modules (i.e. descent data, generalized descent data, comodules and Hopf modules, respectively). In light of this observation, it is no surprise that attempts have been made to interpret the above mentioned Frobenius properties of algebras, coalgebras and Hopf-algebras in terms of appropriate corings, this has been done in [10] , [6] and [11] , in several levels of generality. In each of these papers, the quasi-Frobenius property of the A-coring C is characterized by a corresponding quasi-Frobenius type property of the associated coinduction functor between the underlying category of A-modules and the category of C-comodules.
The aim of this paper, which can be viewed as a continuation of the work in [11] , is twofold. First, after recalling the necessary definitions and proving some preliminary results in Section 1, we investigate the relation between the different notions of 'quasiFrobenius-type' corings and functors that have been recently introduced. By applying the techniques developed in [11] , we provide several new characterizations of these corings and functors. This part of the work is done in Section 2. More precisely, we show that if a coring C is both left and right QF in the sense of [10] , it is exactly QF in the sense of [6] , and both notions are special cases of the definition introduced in [11] (see Theorem 2.10).
Secondly, we want to study quasi-Frobenius type corings by means of Galois theory for comodules. To this end, we develop in Section 3 a theory of Galois comodules that are locally projective over the base algebra of the coring. Although this theory is a special situation of the theory developed in [9] , certain aspects are characteristic to this particular setting. In particular, where as in the general theory a firm ring is a part of the initial data of the Galois theory, in the new theory, the firm ring (in fact a ring with local units) can be reconstructed from the locally projective Galois comodule (see Theorem 3.2) .
In the last section, we then combine the results of Section 2 and Section 3 to characterize a qausi-Frobenius type coring in our main theorem as a faithfully flat Galois comodule or equivalently as (locally) projective generator in the category of left or right comodules (Theorem 4.5, Corollary 4.8).
Notation. Troughout this paper, we will denote the identity morphism on an object X in a category C, again by X. We will write Ab for the category of abelian groups. For an associative ring A and a right A-module M, we denote M * = Hom A (M, A). If N is a left A-module, then we write * N = A Hom(M, A).
Prelimiries
In this section, we recall some known notions and results that will be used troughout this paper. We prove some new but rather elementary results concerning flatness over firm rings and local projectivity in comodule categories.
1.1. Firm rings and rings with local units. Let R be a ring, not necessarily with unit. The category of all non-unital right R-modules is denoted by M R . We say that M ∈ M R is firm if and only if the multiplication map induces an isomorphism
The category of all firm right R-modules and right R-linear maps is denoted by M R . The categories R M and R M are defined in a symmetric ways. One can easily verify that R ∈ M R if and only if R ∈ R M, in which case we call R a firm ring. Now consider the following commutative diagram of functors,
A left R-module F is called flat provided that statement (bi) of Lemma 1.1 holds. We say that F is totally (or completely) faithful if for all N ∈ M R , the relation N ⊗ R F = 0 implies N = 0. Finally, F is termed faithfully flat if F is flat and the functor − ⊗ R F : M R → Ab reflects exact sequences. Remark the assymmetry in the definition of a faithfully flat R-module. By Lemma 1.1, this assymmetry disappears if the regular R-module is flat as a left R-module. Hence, the following Proposition characterizes faithfully flat R-modules if the regular R is flat. Proof. This proof is an adaption of [21, 12.17] . (i) ⇒ (ii). Take any N ∈ M R and consider the sequence 0 → N → 0 in M R . If N ⊗ R F = 0, then the sequence 0 → N ⊗ R F → 0 is exact in Ab. By the property of part (i) we obtain that 0 → N → 0 also has to be exact. Consequently N = 0.
in Ab is exact. Since R is flat as a left R-module, we know that kernels and cokernels in M R can be computed in Ab, hence we can consider the canonical sequence
Then the exactness of the sequence (1) implies that Im f ⊗ R F ∼ = ker g ⊗ R F . Therefore, ker g/Im f ⊗ R F = 0. Hence, we obtain from (ii) that ker g = Im f , i.e. the given sequence is exact.
(ii) → (iii). By part (ii), (R/I) ⊗ R F = 0 would imply R/I = 0, i.e. R = I. For the last statement, consider the following exact row in M R ,
since F is flat as a left R-module and Lemma 1.1, we obtain the following commutative diagram in Ab with exact rows
Since F is firm as a left R-module, µ R,F is an isomorphism. From the properties of the diagram we immediately obtain that γ is surjective. We can also see that µ I,F is surjective. Take any if ∈ IF , then if = µ I,F (ir ⊗ R r f ), where we used the firmness of F and the fact that ir ∈ I since I is a right ideal in R. The surjectivity of µ I,F implies that γ is injective. (iii) ⇒ (ii). Consider any N ∈ M R . We have to show that N ⊗ R F = 0 implies that N = 0, or equivalently N = 0 implies that N ⊗ R F = 0. Suppose there exists an element 0 = n ∈ N. Then we can construct a right ideal in R as follows I n = {r ∈ R | nr = 0}. Observe that R/I n is isomorphic to the cyclic right R-module nR. By (iii) we find
the inclusion is a consequence of the flatness of F as a left R-module.
The last statement follows now from Lemma 1.1 and the fact that the regular Rmodule is always totally faithful.
A ring R is said to be a ring with right local units, if for every finite set r 1 , . . . , r n ∈ R, there exists an element e ∈ R such that r i · e = r i for 1 ≤ i ≤ n. A ring with right local units is firm and M ∈ M R if and only if for every finite set m 1 , . . . , m n ∈ M there exists an element e ∈ R such that m i · e = m i for 1 ≤ i ≤ n. Similarly one defines rings with left and two-sided local units.
In the situation of a ring with local units, the characterization of totally faithful modules becomes easier and closer to the classical case of rings with units. 
(ii) ⇒ (i). Consider any N ∈ M R and n ∈ N such that n ⊗ R f = 0 for all f ∈ F . Put M = nR the cyclic right R-module generated by n, then we find that M ⊗ R F = 0, and consequently M = 0. Let e ∈ R be a right local unit for n, since n = ne ∈ M, we find n = 0.
1.2. Local projectivity. Recall that an object X in a Grothendieck category C is called finitely generated if and only if for any directed family of subobjects {X i } i∈I of X satisfying X = i∈I X i , there exists an i 0 ∈ I such that X = X i 0 . If X is a projective object in C, this condition is known to be equivalent to the fact that Hom C (X, −) preserves coproducts. We call an object X in C weakly locally projective if any diagram with exact rows of the form
and where E is finitely generated, can be extended with a morphism h : Proof. Suppose that C = i∈I X i for a directed family of objects {X i } i∈I in C. Since F is exact, we find that F (C) = i∈I F (X i ) and {F (X i )} i∈I is a directed family in D. Then there exists an index i 0 , such that F (C) = F (X i 0 ), because F (C) is finitely generated in D. Since F reflects isomorphisms, we find that C = X i 0 .
If we take C = M A , where A is a ring with unit, we recover the definition of a locally projective module in the sense of [22] , which we will call weakly locally projective right A-module. It is known that a right A-module M is weakly locally projective if and only if there exist local dual bases, i.e. for all m ∈ M there exist an element
is a ring with left local units (see [18] ). More general, we call M weakly R-locally projective if there exists a ring with local units R and a ring morphism ι : R → M ⊗ A Hom A (M, A) such that for all m ∈ M there exits a dual basis in the image of ι. Weakly locally projective modules are always flat. Proof. For any r ∈ R, a local dual basis is given by e ∈ R and R ∈ R Hom(R, R), where e is a right local unit for r. To prove flatness, take any exact sequence
, where e ∈ R is a right local unit for all r. Furthermore, take any n ⊗ R r ∈ ker(g) ⊗ R R, then 0 = g(n)r = g(nr). Hence there exists an element m ∈ M such that f (m) = nr.
Let e ∈ R be a right local unit for all r. Then f (m) ⊗ R e = nr ⊗ R e = n ⊗ R r. Therefore the functor − ⊗ R R : M R → Ab is left exact.
1.3. Corings and comodules. Troughout the remaining part of this paper, A will be an associative ring and C an A-coring, i.e. a comonoid in the monoidal category A M A of A-bimodules, with coassociative comultiplication ∆ = ∆ C : C → C ⊗ A C, ∆(c) = c (1) ⊗ A c (2) and counit ε = ε C : C → A. To the coring C we can associate its left dual ring * C = A Hom(C, A) with unit ε and where the multiplication is given by
We denote the category of right C-comodules by M C , and for [1] ). If C is weakly locally projective, then there is also a functor Rat : M * C → M C , where for all M ∈ M * C , we define Rat(M) as the largest A-submodule of M that has a C-comodule structure such that [1] ) for all m ∈ Rat(M) and f ∈ * C. Suppose that C is an A-coring that is flat as a left A-module, then the category of right C-comodules is a Grothendieck category, see [2, 18.13] , hence the definition of weakly locally projective object makes sense in M C . This is the case in particular if C is weakly locally projective as a left A-module. Moreover, we have the following lemma. 
Furthermore, since C is weakly locally projective as a left Amodule, we know by [2, 19.12] , the finitely generated right A-submodule E of the right C-comodule P is contained in a right C-subcomodule F of P that is finitely genertated as a right A-module. Then it follows from part (i) that F is also finitely generated in M C . Hence we obtain the following diagram in
where F contains E as a right A-module. Since P is weakly locally projective in M C , there exists a right C-comodule map h :
An important class of examples for corings, called comatrix corings was introduced in [7] , and in a more general setup appeared in [9] . We will give an intermediate construction that will be of sufficient for our purposes. Let A be a ring with unit and R a ring with local units. Consider a right A-module Σ that is weakly R-locally projective, then Σ is in a natural way an R-A bimodule, where the left R-action is induced by the map ι :
for all r ∈ R and y ∈ Σ. Obviously, Σ ∈ R M A , i.e. R has acts with local units on Σ, where the local units are the inverse images of the local dual bases under ι.
Theorem 1.7. With notation as above, the
* is a local dual basis for x and counit
Now suppose that C is an A-coring and Σ ∈ M C . Let furthermore R be a firm ring and Σ an R-C bicomodule, i.e. there is a ringmorphism R → End C (Σ) and R is a firm left R-module with R action induced by this ringmorphism. Then both the functor − ⊗ A C and the functor Hom A (Σ, −) ⊗ R Σ incude a comonad on M A . We call Σ an R-C comonadic-Galois comodule if and only if the following natural transformation is an isomorphism for all
If Σ is weakly R-locally projective as a right A-module, then can M will be an isomorphism for all M if and only if can A is an isomorphism. In fact, can A is a (canonical) A-coring morphism [1] .
In this situation, we call Σ a R-C Galois comodule.
Frobenius corings and their generalizations
2.1. The Morita context of two objects. Let k be a commutative ring and C a k-linear category, and take two objects A and B in C. Recall that we can associate the following Morita context (see [14, Remarks p 389, Examples 1.2]) to A and B.
where both Morita maps • and • are defined by the composition in C. Observe that any Morita context can be interpreted in this way. Obviously, the objects A and B are isomorphic in C if and only if there exist an element ∈ Hom C (B, A) and j ∈ Hom C (A, B) such that j • = B and • j = A. Therefore, we will call a pair (j,) with the above property a pair of invertible elements for a Morita context N(A, B). If such a pair of invertible elements exists, then the Morita maps of the context are clearly surjective (i.e. the context is strict).
Suppose now that C is a category with coproducts. Objects A, B ∈ C are called similar if and only if there exists natural numbers n and m, and split monomorphisms 
Using the universal property of the finite (co)product, this is equivalent with existence of a map a : A → B n and
A is a direct summand of B.
We say that there exists a locally left invertible element for •, if there exists an element j ∈ Hom C (A, B) such that for every finitely generated as k-submodule F ⊂ A, we can can find an element F ∈ Hom C (B, A) such that F • j| F = F . The map • is called locally surjective if for every finitely generated as k-submodule F ⊂ A, we can find a finite number of elements j
is a pair of invertible elements, then j is locally left invertible for • and if j is locally left invertible for • then • is locally surjective.
Adjoint functors and beyond.
Troughout this section, we will suppose that all categories are k-linear Grothendieck categories and that all functors preserve colimits. For any two such functors F, G : C → D, we know that Nat(F, G) is a set, hence a k-module (see [5, Lemma 5 .1]). However, most results given here can be transferred to more general settings, considering suitable classes of functors.
Recall from [11] that for any two functors F : C → D and G : D → C we can construct the following Morita context
where the connecting maps are given by the following formulas,
It was proven in [11, Theorem 3.4 ] that (G, F ) is an adjoint pair if and only if there exists a pair of invertible elements for the Morita context M(F, G), i.e. if and only if we can find elements ζ ∈ Nat(D, F G) and ε ∈ Nat(GF, C) such that
for all C ∈ C and D ∈ D.
In [10] , the functor G was called a left quasi-adjoint for F if for some integer n, there exist natural transformations η :
for all D ∈ D. We will call F a right quasi-adjoint for G if there exist similar η and ζ that satisfy
for all C ∈ C. If at the same time F is a right quasi-adjoint for G and G is a left quasi-adjoint for F , then we call (G, F ) a quasi-adjoint pair. The following result is immediate. Proof. The stated isomorphism of sets can be obtained from the bijective correspondence between so-called mates of an adjuction, see [12] . Let us give the explicit form of the isomorphism for sake of compleetness. Denote the unit and the counit of the adjunction respectively by λ : 1 1 C → RF and κ : F R → 1 1 D . Then we define for all α ∈ Nat(F, F ) the natural transformation
By means of naturality and the properties of the unit and the counit, it can be checked that the inverse of Φ is given by
for all β ∈ Nat(R, R). Finally, let us check that Φ is an algebra map. Take α and α ′ in Nat(F, F ), and consider the following diagram,
In this diagram, the upper square commutes by the naturality of λ, the middle square commutes by the naturality of α ′ and the lower square commutes by the naturality of κ. The triangle commutes by the adjunction property of F and R. Hence the diagram is commutative, which means exactly that Φ(α
Before stating our next result, recall that to any Morita context, we can associate in a canonical way two other Morita contexts without changing any of the relevant information. The opposite of a Morita context N = (R, S, P, Q, µ, τ ) is the Morita context
functor with left adjoint L and right adjoint R. Then we consider the Morita context N(L, R) constructed as (4) and the contexts M(L, F ) and M(F, R), constructed as (5). Then there are isomorphisms of Morita contexts
Proof. The needed algebra isomorphisms follow from Lemma 2.3. From the adjunctions (L, F ) and (F, R), we can immediately deduce that
Now denote the unit and counit of the adjunction (F, R) respectively by λ : 1 1 C → RF and κ : F R → 1 1 D . Take any α ∈ Nat(R, L), and define α ′ ∈ Nat(1 1 C , LF ) as
By the naturality of α, we know that
Combining both identities, we find that α ′′ D = α D . Similarly, we find β ′′ = β, making use of the naturality of β. Hence Nat(1 1 C , LF ) ∼ = Nat(R, L).
By a similar computation, based on the adjunction (L, F ), we find Nat(R, L) ∼ = Nat(RF, 1 1 C ).
We leave it to the reader to verify that the obtained isomorphisms are bimodule maps and that they preserve the Morita maps. A double application of the previous Theorem now gives immediately the following corresponde between the notions of quasi-Frobenius-type functors defined in [10] and [6] . 
(Locally) quasi-Frobenius corings.
In this section we discuss the varions on Frobenius corings that were recently introduced in [6] , [10] and [11] . We show how they are related to the notions of the previous section and provide several new characterizations.
Recall that C is said to be Frobenius if C and * C are isomorphic as A- * C bimodules. This notion is left-right symmetric: C is Frobenius if and only if C and C * are isomorphic as C * -A bimodules. An A-coring C is left quasi-Frobenius if C is a direct summand of * C n in the category A M * C , where n is a finite integer. Similarly, we say that C is right quasi-Frobenius if C is a direct summand of a number of copies of C * in the category C * M A . We say that an A-coring C is quasi-Frobenius if C and * C are similar as A- * C bimodules, i.e. C is a direct summand of * C n and * C is a direct summand of C m for certain natural numbers n and m.
Remark 2.7. The definition of a quasi-Frobenius coring in [6] was given in terms of a quasi-Frobenius functor, and shown to be equivalent with the definition stated here in [6, Theorem 6.5] (see also Theorem 2.10 below).
The original definition in [10] states that an A-coring is left quasi-Frobenius if and only if there exists maps π i ∈ C Hom C (C ⊗ A C, C) and elements z i ∈ C A , for i = 1, . . . , n, such that i π i (c ⊗ z i ) = c for all c ∈ C. [10, Theorem 4.2] claims that this definition is equivalent with the fact that C is finitely generated and projective as a left A-module and C is a direct summand of * C (as A- * C bimodules). However, the proof of this theorem states that there exist maps α i : * C → C and δ i : C → * C such that i δ i • α i = * C. This means that * C is a direct summand of C, and not conversely, therefore the statement of [10, Theorem 4.2] is not correct. In fact, it means that C is right quasi-Frobenius in our terminology (see also Theorem 2.9 below). Since left quasi-Frobenius ring extensions in the sense of Müller [14] are in correspondence with corings such that C is a direct summand of * C n (see [10, Proposition 4 .3]), we believe the terminology as introduced above is the correct one.
From the observations made in the previous sections, it is now clear that the quasiFrobenius properties of an A-coring C will be closely connected to the properties of the Morita context associated to C and * C in A M * C , A double application of Theorem 2.9 leads now immediately to the following characterization of quasi-Frobenius corings. 
is a right quasi-Frobenius pair; (vii) the functor H is a direct summand of the functor F ; (viii) the functor F ′ is a direct summand of the functor H ′ ; (ix) the functor
A Hom * C (−, C) : A M * C → * C * M
is a direct summand of the functor

C bimodule (i.e. C is a quasi-Frobenius coring); (ii) C is similar to C
* as C * -A bimodule; (iii) C is a direct summand of ( *
C)
n and of (C * ) m , respectively as A- * 
C bimodule and C * -A bimodule, for certain numbers n and m (i.e. C is left and right quasi-Frobenius); (iv) (F , G) is a left and right quasi-Frobenius pair; (v) (G, H) is a left and right quasi-Frobenius pair; (vi) the forgetful functor F and the functor H are similar (i.e. the induction functor G is quasi-Frobenius); (vii) the functors
ix) left hand versions of (iii)-(viii), i.e. replace in the statements
If these statements are satisfied, than C is finitely generated and projective as a left and right A-module.
Consider a ringmorphism ι : B → A. We say that C is left B-locally quasi-Frobenius if there exists and index set I and a B- * C bimodule morphism j : C → ( *
C)
I , such that for all c 1 , . . . , c n ∈ C, there exists an elementz = (z ℓ ) ℓ∈I ∈ (C B ) (I) satisfying c i =z · j(c i ) = ℓ z ℓ j ℓ (c i ) for all i = 1, . . . , n. If I can be choosen to be a singleton, than C is called left B-locally Frobenius. Every A-locally quasi-Frobenius coring is left quasi-co-Frobenius (i.e. there exists an A- * C bimodule monomorphism j : C → ( *
I for some index set I) and the converse is true provided that A is a PF-ring.
Locally (quasi-)Frobenius corings that are locally projective modules over their base algebra where characterized and be given a functorial description in [ 
Then the following statements hold, (i) C is left B-locally Frobenius if and only if there exists a left invertible element for •; (ii) C is left B-locally quasi-Frobenius if and only if • is locally surjective; Under any these conditions, C is weakly locally projective as a right A-module.
Proof. (i). Let j ∈ B Hom * C (C, * C) be the left invertible element for •. Then for every finite set of elements c i ∈ C there exists an element ∈ B Hom * C ( * C, C), such that
is an isomorphism (see [11, lemma 4.14] ). Putting z = φ() =(ε), we obtain z · j(c i ) = c i , hence C is B-locally Frobenius. The converse is proven in the same way.
(ii). Suppose that • is locally surjective, then we know that for every finitely generated D ⊂ C, there exist a finite indexset I D and maps j
where the union ranges over all finitely generated submodules D of C. Then the universal property of the product induces a unique B- * C bilinear map j : C → * C I , such that j i = π i • j, where i ∈ I and π i : * C I → * C is the projection on the i-th component. Furthermore, for any finitely generated D ⊂ C, the maps
for all d ∈ D, i.e. C is B-locally quasi-Frobenius. Conversely, suppose that C is B-locally quasi-Frobenius, and let j : C → * C I be the Frobenius map. Take any finitely generated submodule D of C, then we know that there exists an elementz = (z ℓ ) ℓ∈I ∈ (
Denote by I ′ the finite subset of I containing all indices of non-zero entries ofz. Define for all ℓ ∈ I ′ maps j ℓ ∈ B Hom * C (C, * From Theorem 2.9, Theorem 2.10 and Theorem 2.11 it follows now immediately that a left quasi-Frobenius coring is left locally quasi-Frobenius and in particular a quasiFrobenius coring is both left and right locally quasi-Frobenius.
Locally projective Galois comodules
Let C be an A-coring, R a firm ring and Σ ∈ R M C , then there is a ringmorphism ι → End C (Σ) and we call R the ring of coinvariants of Σ. The Galois theory for Σ studies the properties of the functor
and its right adjoint Hom
In this section we discuss the theory of Galois comodules whose ring of coinvariants is a ring with local units. This is a special situation of the theory developed in [9] , where the ring of coinvariants was supposed to be firm, so most result can be obtained from there. However some aspects of the theory differ slightly in this situation and stronger results can be obtained. In particular, we can characterize categories of comodules with a locally projective generator. 
Since R is locally projective in M R (see Lemma 1.5) we find a morphism h : R → G(M) making this diagram commutative on the image of G(i). If we apply the functor F to this diagram, then we see that (iii) ⇒ (ii). Let us first construct the ring with local units R. Since C is weakly locally projective as a left A-module, every finite subset of Σ is contained in a subcomodule F that is finitely generated as a right A-module (see [2, 19.12] ) and by Lemma 1.5, F is finitely generated in M C . Hence Σ is generated by its finitely generated subcomodules in M C . Denote Ω = F ⊂Σ F , the direct sum in M C of all finitely generated subcomodules of Σ. Then there is a canonical surjection π :
(Ω, Σ), consisting of all maps with finite support, that is, all f ∈ Hom C (Ω, Σ), such that f is zero everywhere exept on a finitely generated direct summand of Ω (hence a finitely generated submodule of Σ), Q = Hom C (Σ, Ω) and T = End C (Ω). For f, g ∈ P and φ, ψ ∈ Q we define
By construction, R is a two-sided ideal in End C (Σ). We claim that R is a ring with left local units and Σ is weakly R-locally projective. Take any r = f ⊗ φ ∈ R, where f ∈ P , then F = Im (f ) is a subcomodule of Σ that is finitely generated as a right A-module. By the local projectivity of Σ in M C , we find a C-colinear map ψ : Σ → Ω such that the following diagram commutes on the image of the inclusion ι,
Since F is finitely generated, ψ • ι(F ) ⊂ Ω is also finitely generated, and therefore contained in a direct summand E of Ω. Write Ω = E ⊕ E ′ and define π E : Ω → Σ, as π| E on E and zero on E ′ . Then we find
A similar arguement shows that R acts with local units on Σ. Furthermore, a morphism R → Σ ⊗ A Σ * is constructed as follows: since Σ is weakly locally projective in M C , we know by Lemma 1.5 that Σ is weakly locally projective in M A . Hence for any element f ⊗ φ ∈ R, we can find a local dual basis i e i ⊗ A f i ∈ Σ ⊗ A Σ * for the finitely generated A-module Im f . Then define ι(r) = i f • φ(e i ) ⊗ A f i . It follows that Σ is weakly R-locally projective as a right A-module.
By the weak Galois structure theorem (see [9, Theorem 5.9] ), the generator property implies that can is an isomorphism and Σ is flat as a left R-module. So we are finished if we prove the total faithfulness of Σ as a left R-module. Since R is flat as left R-module (see Lemma 1.5), by Proposition 1.2, it is enough to prove that JΣ = Σ for any proper ideal J ⊂ R. Arguments similar to the ones in [21, 18.4 (3) ] show that for any right ideal J of R, the injective map J ⊗ R R → Hom
is an isomorphism. Details are as follows. Take g ⊗ R r ∈ Hom C (Σ, JΣ) ⊗ R R. Then g ⊗ R r = ge ⊗ R r, where e = ψ e ⊗ R φ e ∈ R is a left local unit for r. By definition of R, ψ e is only non-zero on a finitely generated submodule E of Σ. Let {u 1 , · · · , u k } be a set of generators of E as right A-module, and complete it to a set of generators {u i } i∈I for Σ. Since g(u i ) ∈ JΣ, we can write g(u i ) = j f ij (u j ), with f ij ∈ J. Let J ′ be the subideal of J generated by the f ij . Since the {f ij (u i )} generate Im (g) as a right A-module, we have that Im (g) ⊂ J ′ Σ. We relabel the generators
, ℓ ∈ L, be the natural projections and inclusions. Consider the following diagram
where the map
C is weakly locally projective, there exists a map
Hence we obtain
where we used that since J ′ is a right ideal of R and R is a right ideal of End
Since Σ is weakly R-locally projective, the ring R acts with local units on Σ with action induced by the ringmorphism ι : R → Σ ⊗ A Σ * , hence Σ is firm as a left R-module and Σ is also R-firmly projective in the sense of [20] . Therefore, the implication follows from the Galois comodule structure theorem over firm rings, [20, Theorem 3.4] , [9, Theorem 5.15 ].
Recall from [1] , that to any A-coring C and a right C-comodule Σ, we can associate a Morita context
Here we defined T = End
with bimodule structure (f q)(x) = f q(x), for f ∈ * C, q ∈ Q, x ∈ Σ and (qt)(x) = q t(x) , for q ∈ Q, t ∈ T, x ∈ Σ.
The bimodule structure on Σ is given by
for t ∈ T , x ∈ Σ and f ∈ * C. And the Morita maps are
Recall from [1, Remark 2.2] that if C is weakly locally projective as a left A-module,
We say that a Morita context M = (A, B, P, Q, µ, τ ) can be restricted to a (nonunital) subring R ⊂ A if Im µ ⊂ R. This restricted context is then constructed by considering P and Q in a canonical way as a left and right R-module and defining the mapμ : P ⊗ B Q → R as the coristriction of µ, andτ :
where π is the canonical projection.
If C is weakly locally projective as a left A-module, then Q = Hom * C (Σ, *
If R is a firm ring, ι : R → End C (Σ) a ring morphism such that R is a right ideal of T and Σ becomes a firm left R-module (e.g. Σ is a weakly locally projective generator in M C and R is as constructed in Theorem 3.2) then for all q ∈ Q and x ∈ Σ,
) ∈ R where we used that R is a right ideal of T . Therefore, the Morita context C(Σ) can be restricted to R ⊂ T .
If it exists, we denote the (twofold) restricted Morita context as follows,
If Rat( * C) is dense in the finite topology on * C (this last condition is for example satisfied if C is a right B-locally quasi-Frobenius coring [11, Propositon 5.9] ), then we know (see [3, Lemma 4.13] ) that there is an isomorphism of categories
The previous observations lead to a further equivalent statement for the conditions of Theorem 3.2. First we prove the following lemma about Morita contexts over non-unital rings. Proof. Take any p ⊗ S q ∈ ker µ and let e ∈ R be a local unit for p. By the surjectivity of µ we can write e = µ(p e ⊗ S q e ), hence Proof. The equivalence of (i)-(ii)-(iii) follows from the weak sturcture theorem for Galois comodules (see [9, Theorem 5.9] ). So, we only have to prove the equivalence between (iii) and (iv). The functor Hom C (Σ, −) ⊗ R R will be fully faithfull if and only if the counit ζ M : Hom C and all m ∈ M, there exists an element e ∈ Rat( * C) such that m · e = m. Now take q e ⊗ R x e ∈ Q ⊗ R Σ such that q e¯ x e = e. We define
One can check that θ M is well defined and natural in M. Moreover, ζ M • θ M (m) = m·q e (x e ) = m·e = m and θ M •ζ M (φ⊗ R x) = φ(x)q e (−)⊗ R x e , where e can be choosen to be a right local unit for x. Furthermore, using the fact that xq e (−) ∈ T in combination with [9, Lemma 5.11], we find φ(x)q e (−) ⊗ R x e = φ ⊗ R xq e (x e ) = φ ⊗ R x · e = φ ⊗ R x, hence θ M is a two-sided inverse for ζ M .
The coring as Galois comodule
In this section we show how the theory of locally quasi-Frobenius corings is related to the theory of Galois comodules with firm coinvariant rings. We show that locally quasiFrobenius corings are precizely corings that are a weakly locally projective generator in the category of their left or right comodules, i.e. faithfully flat infinite Galois comodules. As a consequence, quasi-Frobenius corings are progenerators in the category of their left or right comodules, i.e. faithfully flat finite Galois comodules.
Let C be an A-coring that is weakly locally projective as a right A-module. Denote R = Rat(C * ) and consider the pair of adjoint functors
We want to examine when this pair of adjoint functors is an equivalence of categories. The comatrix coring is given by Hom 
Because of the counit property, can is clearly surjective. If moreover R is dense in the finite topology on C * , then, by the fact that R is an ideal in C * and [9, Lemma 5.11], we obtain that can is bijective with inverse
Applying the weak and strong structure theorem for Galois comodules (see [9, Theorem 5.9 and Theorem 5.15]), we obtain immediately the following. To study the Galois comodule C we can consider the Morita context (12) , which is in this case,
If we suppose again that C is weakly locally projective as a left A-module, then Q = Hom * C (C, Rat( *
, where the last isomorphism is given by switching the arguements (see [11, Proposition 4.2] ). If moreover C is weakly locally projective as a right A-module, then Q ∼ = C * Hom(C, Rat(C * )) =:Q, and we can consider the restriced Morita context (19) C(C) = (S := Rat(C * ), R := Rat( * C), C, Q,▽,¯ ),
Lemma 4.3. Let C be an A-coring that is weakly locally projective as a left A-module.
Then there are isomorphisms of Morita contexts
where the first two contexts are constructed as in (11) and the last context is the one of (18) .
Proof. The isomorphism between the first two contexts is proven as in [11, Theorem 5.10] . For the last isomorphism, just observe that End * C (C) ∼ = End
One can easily check that these isomorphisms induce an isomorphism of Morita contexts between N k (C, * C) and C(C). 
is locally surjective. The isomorphisms of Morita contexts in Lemma 4.3 imply the following algebra and bimodule maps
Since these constitute a morphism of Morita context we have moreover that
Take any element f ∈ Rat(C * ), and a finite number of representants c i ∈ C and f i ∈ Rat(C * ) such that
. By the local surjectivity of •, there exist elements j ℓ ∈ Hom * C ( * C, C) and ℓ ∈ Hom * C (C, * C) such that ℓ j ℓ • ℓ (c i ) = c i for all c i . Denote φ(j ℓ ) = j ℓ (ε) = z ℓ andφ( ℓ ) =q ℓ . Then we have because of (23)
Hence we find
where we used in the last equality that ▽ is a right C * -linear map. So ▽ is surjective onto Rat(C * ), i.e.▽ is surjective. Conversely, suppose that▽ is surjective, than we have to show that • is locally surjective. Take any finite set c i ∈ C. Since Rat(C * ) is dense in the finite topology of C * , we know that there exists a local unit e ∈ Rat(C * ) such that e · c i = e(c i(1) )c i(2) = c i for all c i . By the surjectivity of▽, we can write e = z e ▽q e for certain elementsq e ∈Q and z e ∈ C. Using the isomorphisms (20)- (22), we obtain elements j ℓ = φ −1 (z e ) and  ℓ =φ −1 (q e ) such that ℓ j ℓ • ℓ (c i ) = ψ −1 (z e ▽q e )(c i ) = (q e z e ) · c i = e · c i = c i . One can verify that there is an isomorphism of Morita contexts C(C) top ∼ = C(C). Therefore, the surjectivity of▽ implies that the restriction of˜ onto Rat(C * ) will be surjective. The equivalence with statements (v) − (viii) follows then from (the left hand version of) Theorem 3.5. Proof. The equivalence of (1) and (4)(i) follows from a double application of Theorem 4.4. Let us prove the equivalence between (2) and (4)(i). By Theorem 3.4, we know already that (4)(i) implies (2) and that (2) implies the existence of a ring with local units B that is an ideal in C * and such that ▽ is surjective onto B. However, since Im ▽ ⊂ Rat(C * ), we find that Rat(C * ) is a as well a ring with local units, hence dense in the finite topology on C * . This shows that (2) implies (4)(i).
The equivalence with (4)(ii)−(4)(iv) follows now from Theorem 3.2, since the canonical map is always an isomorphism. The equivalence between (3) and (4) follows by symmetric arguements.
Remark 4.6. If C is a coalgebra over a commutative ring, then (using the notation of Theorem 4.5) C * = * C and R = S. Hence R is dense in the finite topology of C * if and only if S is. A similar argumentation as in the proof of Theorem 4.5 (2) ⇒ (4)(i) shows that if C is weakly locally projective as a k-module and C is a weakly locally projective generator in M C , then R(= S) will be dense in C * . Therefore, we obtain from Theorem 4.5 the following characterization.
If C is weakly locally projective as k-module, then the following are equivalent, (i) C is a k-locally quasi-Frobenius coalgebra;
(ii) C is a weakly locally projective generator in M C ; (iii) C is a weakly locally projective generator in C M.
We know that a right (respectively left) A-module M is weakly B-locally projective, were B is a ring with unit, if and only if M is finitely generated and projective as a right 
